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. Abstract 

o: 

CN . Various theorems on convergence of general space homeomorphisms are proved and, 

on this basis, theorems on convergence and compactness for classes of the so-called ring 
Q-homeomorphisms are obtained. In particular, it was established by us that a family 
of all ring Q-homeomorphisms / in R n fixing two points is compact provided that the 
function Q is of finite mean oscillation. These results will have wide applications to 
Sobolev's mappings. 
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^ ■ 1 Introduction 



We give here the foundations of the convergence theory for general homeomor- 
phisms in space and then develope the compactness theory for the so-called Q- 
homeomorphisms. The ring Q-homeomorphisms have been introduced first in 
the plane in the connection with the study of the degenerate Beltrami equations, 
see e.g. the papers (RSY^-jRSYs] and the monographs |GRSY| and |MRSY 



The theory of ring Q-homeomorphisms is applicable to various classes of map- 
pings with finite distortion intensively investigated in many recent works, see 
e.g. |MRSY| and |KRSS| and further references therein. The present paper is 



a natural continuation of our previous works ||RSi| - [R52 



1 
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Given a family T of paths 7 in R n , n > 2 , a Borel function p : R n — > [0, 00] 
is called admissible for T, abbr. p G admT, if 

f P ( X )\d X \>i 

7 

for each 7 6 T. The modulus of T is the quantity 

M(T) = inf / p n (x)dm(x). 

pGadmr J 

Given a domain D and two sets E and F in R n , n > 2, r(£', F, denotes 
the family of all paths 7 : [a, b] — > R n which join E and F in /}, i.e., 7(a) G 
£, 7(6) G F and -y(t) G L> for a < t < b. We set T(E,F) = T(E,F,W) 
if D = M. n . A ring domain, or shortly a ring in MP , is a domain R in R n 
whose complement has two connected components. Let R be a ring in WL n . If 
C\ and C2 are the connected components of R n \ i?, we write R = R{C\, C2). 
The capacity of can be defined by the equlity 

capi?(Ci,C 2 ) = M(r(Ci, C 2 , R)) , 

see e.g. 5.49 in |Vu| . Note also that 

M(T(C 1 ,C 2 ,R)) = M(r(Ci,C 2 )) , 

see e.g. Theorem 11.3 in |Vaj . A conformal modulus of a ring R(Cq, C\) is 
defined by 

/ u _ \ l/(n-l) 

modfl(C ,C 1 ) = ( M(r( ^ Ci)) j 
where cj ?1 _i denotes the area of the unit sphere in R n , see e.g. (5.50) in |Vu| . 

The following notion was motivated by the ring definition of quasiconfor- 
mality in [GeJ. Let D be a domain in R n , Q : D — > (0,oo) be a (Lebesgue) 
measurable function. Set 
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A(xq, ri, r 2 ) = {x G M n : r\ < \x — Xq\ < r 2 } , 
S(xo, Ti) = {x G M n : \x — xq\ = Ti] , z = 1, 2. 
We say, see ||RSi| for the spatial case, that a homeomorphism / of D into R r 



is a ring Q— homeomorphism at a point xq G D if 

M (T /(5 2 ))) < y Q(x) • 77 n (|^ - x |) dm(x) (1.1) 



.4 



for every ring ^4 = ^4(xo, 7*i, r 2 ), < ri < r 2 < ro = dist^o? dD), Si = 
S(xo,ri), * = 1, 2, and for every Lebesgue measurable function 77 : (ri,r 2 } 
[0, oo] such that 



»"2 



y 77 (r) <ir > 1 



n 



If the condition ( 11.11 ) holds at every point xq G D, then we also say that / 
is a ring Q-homeomorphism in the domain D. 



2 On BMO and FMO functions 

Recall that a real valued function cp G L 1 1 oc (D) given a domain D C M. n is said 
to be of bounded mean oscillation by John and Nierenberg, abbr. (p G 
BMO(D) or simply ip G BMO, if 



\\p\\* = sup 4 \p(x) — ips\ dm(x) < oo 

BCDJ 
B 

where the supremum is taken over all balls B in D and 

(fB = J- ^(x) dm(x) := — !— J <p{x) dm(x) 

B B 

is the average of the function cp over B. For connections of BMO functions with 
quasiconformal and quasiregular mappings, see e.g. [IAs| . |AG| . [Jo], |MRV| and 
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Following [IRJ, we say that a function (p : D — > M. has finite mean oscilla- 
tion at a point xq G D if 



lim 4- \(p(x) — (p £ \ dm(x) < oo (2.1) 

where 

(p £ = 4- dm(x) 

Jb(xq,e) 

is the average of the function p(x) over the ball B(xq, e) = {x G R n : |x — Xq\ < 
e}. Note that under (12.11) it is possible that (p £ — > oo as e — > 0. 

We also say that a function cp : D — > R is of finite mean oscillation in the 
domain D, abbr. cp G FMO(Z}) or simply p G FMO, if <p> has finite mean 
oscillation at every point x G D. Note that FMO is not BMOi oc , see examples 
in [ MRSYj . p. 211. It is well-known that L°°(D) C BMO(L>) C Lf 0C {D) for 
all 1 < p < oo, see e.g. [JN] and [Eg, but FMO(D) % Lf 0C (D) for any p > 1. 



Recall some facts on finite mean oscillation from [IRJ, see also 6.2 in | IMRSY 
Proposition 2.1. If, for some numbers cp £ G R, e G (0,£oL 



lim l^ 37 ) ~~ ^el dm(x) < oo 



S(£c ,e) 

tii en (p has finite mean osillation at xq. 
Corollary 2.1. If, for a point xq G D, 



lim + \ip(x)\ dm (x) < oo , 

JB(x ,e) 

then (p has finite mean oscillation at xq. 

Lemma 2.1. Let ip : D — > R, n > 2, be a nonnegative function with a finite 

mean oscillation at G D. Then 

f tp{x)dm{x) f 1\ 

/ ^Ti — r^ = loglog ~ 

e<|:r|<£o 

as e — > for a positive £q < dist (0, dD). 



This lemma takes an important part in many applications to the mapping 
theory as well as to the theory of the Beltrami equations, see e.g. the mono- 
graphs |MRSY| and [GRSYj. 
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3 Convergence of General Homeomorphisms 

In what follows, we use in R n = R n (J{oo} the spherical (chordal) metric 

h(x,y) = \tt(x) — Ti(y)\ where tt is the stereographic projection of R n onto the 
sphere S n (\e n+ i, \) in R n+1 , i.e. 

h(x, y) = = V j xj^oo^y, 

^l + \x\yi + \y\ 2 

h(x, oo) = 



1 + \x\ 



It is clear that R™ is homeomorphic to the unit sphere S n in R n+1 . 
The spherical (chordal) diameter of a set E C R™ is 

h(E) = sup h(x, y) . 

x,y£E 

We also define h(z, E) for z G R n and E C R n as a infimum of y) over 
all y £ E and E 1 ) for F C R n and E 1 C R n as a infimum of h(z, y) over 
all z G F and y £ E. Later on, we also use the notation B*(xq,p), xq G R n , 
p G (0, 1), for the balls {x G R n : h(x,xo) < p] with respect to the spherical 
metric. 

Let us start from the simple consequence of the well-known Brouwer theorem 
on invariance of domains. 

Corollary 3.1. Let U be an open set in R n and let f : U — > R n be 

continuous and injective. Then f is a homeomorphism U onto V = f(U). 

Proof. Let y Q G f(D) and xq := f~ l (yo). Set B = B*(xq,£q) where 
< £o < h(xo,dD). Then B C D. Note that a mapping fo := f\g is injective 
and continuous and maps the compactum B into the Hausdorff topological 
space W 1 . Consequently, fo is a homeomorphism of B onto the topological space 
fo(B) with the topology induced by topology of R n (see Theorem 41. III. 3 in 
|Ku2p . By the Brouwer theorem on invariance domains (see e.g. Theorem 



4.7.16 in |Sp| ), / maps the ball B onto a domain in R n as a homeomorphism. 
Hence it follows that the mapping f~ l {y) is continuous at the point y$. Thus, 
/ : D — > R" is a homeomorphism. □ 
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The kernel of a sequence of open sets Q/ C M. n , I = 1, 2, . . . is the open 

set 

oo / oo 

tt = Kern Q t : = \J Int I f] Q t 

m=l \l=m 

where Int A denotes the set consisting of all inner points of A; in other words, 
Int A is the union of all open balls in A with respect to the spherical distance. 

The following statement for the plane case can be found in |BGR| . see also 



Proposition 2.7 in fGRSY 



Proposition 3.1. Let g\ : D — > D[, D( := gi(D), be a sequence of homeo- 
morphisms given in a domain D C MP. Suppose that gi converge as I — > oo 
locally uniformly with respect to the spherical (chordal) metric to a mapping 
g : D — > D' := g(D) C WL n which is injective. Then g is a homeomorphism 
and D' C KernD/. 

Proof. First of all, the mapping g is continuous as a locally uniform limit of 
continuous mappings, see e.g. Theorem 13. VI. 3 in [Kui]. Thus, by Corollary 
I3.1l ff is a homeomorphism. 

Now, let uq be a point in D'. Consider the spherical ball B*(zo,p) where 
zo := g^ 1 {yo) G D and p < h(zo, dD). Then 

r : = min h{y ,g{z)) > . 

zedB*(z ,p) 

There is an integer TV large enough such that gi(zo) G B*(i/q, r /2) for alll > N 
and simultaneously 

B*(y ,r /2) n 9l (dB*(z Q , p)) = B*{y ,r /2) n d gi (B*(z , p)) = 

because gi g uniformly on the compact set 8B*(zq, p). Hence by the con- 
nectedness of balls 

B*(jA),ro/2) C gi (B*(zo,p)) V / > N , 

see e.g. Theorem 46.1.1 in [Ku^. Consequently, yo G Kern D[, i.e. D' C 
Kern Dj by arbitrariness of yo. □ 

Remark 3.1. In particular, Proposition |3JJ implies that D' := g(D) C M. n 
if L>/ := gi{p) C R n for all / = 1, 2, ... . 
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The following statement for the plane case can be found in the paper |KR| . 
see also Lemma 2.16 in the monograph [G RSY . 



Lemma 3.1. Let D be a domain in M n , / = 1, 2, . . . , and let fi be a sequence 
of homeomorphisms from D into M n such that fi converge as I — > oo locally 
uniformly with respect to the spherical metric to a homeomorphism f from D 
into M n . Then ff — > f^ 1 locally uniformly in f(D), too. 

Proof. Given a compactum C C f(D), we have by Proposition |3JJ that 
C C fi(D) for all I > l Q = l (C). Set 9l = f' 1 and g = f' 1 . The locally 
uniform convergence g\ — > g is equivalent to the so-called continuous conver- 
gence, meaning that gi(ui) — > g(uo) for every convergent sequence u\ — > uq in 
/(£>); see e.g. [Du], p. 268 or Theorems 20.VIII.2 and 21.X.4 in [KuH - So, 
let u\ E f{D), I = 0,1,2,... and u\ — > u$ as / — > oo. Let us show that 
zi := g(m) ->■ z {) := g(u ) as / ^ oo. 

It is known that every metric space is £*-space, i.e. a space with a conver- 
gence (see, e.g., Theorem 21.11. 1 in |Kui|), and the Uhryson axiom in compact 
spaces says that z\ — > zq as / — > oo if and only if, for every convergent sub- 
sequence Z\ k — > z*, the equality z* = zq holds; see e.g. the definition 20.1.3 
in ||Kui| . Hence it suffices to prove that the equality z* = zq holds for every 



convergent subsequence z\ k — > z* as k — > oo. Let Do be a subdomain of D 
such that zq G Dq and Dq is a compact subset of D. Then by Proposition [3JJ 
/(-Do) C Kern// (Do) and hence uq together with its neighborhood belongs to 
fi k (Do) for all k > K. Thus, with no loss of generality we may assume that 
ui k G fi k (Do), i.e. z\ k G Dq for all = 1,2,..., and, consequently, z* G D. 
Then, by the continuous convergence // — > /, we have that fi k {zi k ) —>■ f(z*), 
i.e. fi k (gi k (ui k )) = ui k ->■ f(z*). The latter implies that u = /(^), i.e. 
f(zo) = f(z*) and hence z* = Zq. The proof is complete. □ 

The following statement for the plane case can be found in the paper |R SYs| , 
see also Proposition 2.6 in the monograph [ GRSY 



Theorem 3.1. Let D be a domain in M n , n > 2, and let f m , m = 1, 2, . . . , 

be a sequence of homeomorphisms of D into M n converging locally uniformly 
to a discrete mapping f : D — > M n with respect to the spherical metric. Then 
f is a homeomorphism of D into M n . 
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Proof. First of all, let us show by contradiction that / is injective. Indeed, 
let us assume that there exist X\,X2 G D, X\ ^ X2, with f{x\) = f(x2) and 
that x\ 7^ 00. Set B t = B(x\,t). Let to be such that B t C D and X2 ^ B t for 
every t G (0,£o]- By the Jordan-Brower theorem, see e.g. Theorem 4.8.15 in 
|Sp| , f m (dB t ) = df m (B t ) splits M n into two components 



C m :=f m (Bt), C m = R-\C m 



By construction y m := f m (%i) G Cm and z m := f m {x2) G C^. Remark that 
the ball B*(y m , h(y m , dC m )) is contained inside of C m and, consequently, its 
closure is inside of C m . Hence 

h(y m ,dC m ) < h(y m ,z m ), m = l,2, .... (3.1) 

By compactness of dC m = f m (dB t ), there is x m j G di^ such that 

h(y m , dC m ) = h(y m , f m {x m j)) , m = 1, 2, . . . . (3.2) 

By compactness of di^, for every t G (0, to]> there is x t G 55 f such that 
h(x mk j, x t ) — > as k — > 00 for some subsequence m&. Since the locally uniform 
convergence of continuous functions in a metric space implies the continuous 
convergence (see |Du| . p. 268 or Theorem 21. X. 3 in ||Kui| ), we have that 



h(f mk (x mk , t ),f(x t )) -> 
as k — > 00. Consequently, from ( 13.11 ) and ( 13.21) we obtain that 



h(f(x 1 )J(x t ))<h(f(x 1 )J(x 2 )) V te(0,to\- 

However, by the above assumption f{x\) = f{x2j and we have f(x t ) = f{x\) 
for every t G (0, to]- The latter contradicts to the discreteness of /. Thus, / is 
injective. 

It remains to show that / and f~ l are continuous. A mapping / is continuous 
as a locally uniform limit of continuous mappings, see e.g. Theorem 13. VI. 3 in 
|Kui| . Finally, f^ 1 is continuous by Corollary |3JJ □ 
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4 Convergence of Homeomorphisms with 
Modular Conditions 

Later on, the following lemma plays a very important role. Its plane analog can 
be found in the paper |BJ| . see also supplement Al in the monograph |GRSY 



Lemma 4.1. Let f m , m = 1, 2, ... , be a sequence of homeomorphisms of a 
domain D C W 1 into K n , n > 2, converging to a mapping f uniformly on every 
compact set in D with respect to the spherical metric in M. n . Suppose that for 
every xq G D there exist sequences Rk > and G (0, Rk), k = 1, 2, . . . , such 
that Rk — > as k — > oo and mod / m (^4 (xq, rjt, i?fc)) — > oo as k — > oo uniformly 
with respect to m = 1,2,.... Then the mapping f is either a constant in R n 
or a homeomorphism of D into R n . 

Proof. Assume that / is not constant. Let us consider the open set V 
consisting of all points in D which have neighborhoods where / is a constant 
and show that f(x) ^ f(xo) for every xq G D \ V and x ^ Xq. Without loss of 
generality, we may assume that f(xo) ^ oo. Now, let us fix a point x* ^ xq in 
D \ V and choose k = 1, 2, . . . such that R := Rk < \x* — Xq\ and 

mod f m (A(x ,r,R)) > {uj^/t^I)) 1 '^ (4.1) 

for r = rk where r n (s) denotes the capacity of the Teichmiiller ring i^ n (s) := 
W 1 \ {tei : t > s}, [—ex, 0]] , s G (0, oo). 

Let c m G f m {S(xo, R)) and b m G f m (S(xo, r)) be such that 

mi n ,A W ~ fm(x )\ = I Cm - f m {x Q )\ , 
wef m {S(x ,R)) 

max |iy - / m (aj )| = IV - /mWI • 

ioG/ m (5(a;o,r)) 

Since / m is a homeomorphism, the set f m (A(xo,r, R)) is a ring domain %K m = 
(C m , C TO ), where a m := / TO (x ) and 6 m G C m , c TO and oo G C m . Applying 
Lemma 7.34 in |Vu| with a = a m , b = 6 m and c = c TO , we obtain that 

cap % n = M(r(Ci, CD) > r„ f J^l^i") . (4.2) 
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Note that the function r n (s) is strictly decreasing (see Lemma 7.20 in |Vu|). 
Thus, it follows from (D) and that 



1 0"m Cm | 

dm. bm. 



>r- 1 (cap^ m )>r- 1 (r n (l)) = l 



Hence there is a spherical ring A m = {y G M. n : p m < \y — f m (xo)\ < p^} in the 
ring domain 9\ m for every m = 1,2,... . Since / is not locally constant at xo, 
we can find a point x' in the ball \x — x^\ < r with f(xo) ^ f(x'). The ring A m 
separates f m (x Q ) and f m (x') from / m (x*) and, thus, |/m(^') _ /m(^o)| < and 
|/m(^*) - /mWI > Pm- Consequently, \f m (x') - f m {x )\ < \ f m (x*) - f m (x Q )\ 
for all m = 1, 2, . . . . Under m 4 oo we have then < \f(x') — f(xo)\ < 
\f{x*) ~ f( x o)\ and hence f(x*) ^ f{x Q ). 

It remains to show that the set V is empty. Let us assume that V has a 
nonempty component Vq. Then f(x) — z for every x G Vo and some z G R n . 
Note that 9Vb H D ^ by connectedness of D because / ^ const in D and 
the set D \ Vq is also open. If xq G dVo PI .D, then by continuity /(^o) = 2; 
contradicting the first part of the proof because xq G D \ V. 

Thus, we have proved that the mapping / is injective if / is not constant. 
But / is continuous as a locally uniform limit of continuous mappings / m , see 
Theorem 13. VI. 3 in |Kui| , and then by Corollary 13.11 / is a homeomorphism. 
Finally, by Remark ED f(D) C W 1 and the proof is complete. □ 

Lemma 4.2. Let D be a domain in R n , n > 2, Q rn : D — > (0,oo) be 
measurable functions, / m , m = 1, 2, . . . , be a sequence of ring Q m -homeomor- 
phisms of D into W 1 converging locally uniformly to a mapping f. Suppose 

J Q m {x)-r{\x-x Q \)dm{x) = o(r(e,e )) V x G D (4.3) 

e<\x~ xo\<eq 

where o(I n (e, £q))/ I n (e, £q) — > as e — > uniformly with respect to m for 
£0 < dist (#o, dD) and a measurable function ip(i) : (0, £0) — > [0, 00] such that 

< I(e, £ Q ) := J i{)(t) dt < 00 Ve G (0, e ) . (4.4) 
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Then the mapping f is either a constant in M. n or a homeomorphism into MJ 1 . 

Remark 4.1. In particular, the conclusion of Lemma S21 holds for Q-ho- 
meomorphisms f m with a measurable function Q : D — > (0, oo) such that 

J Q{x) ■ if> n (\x-x \) dm{x) = o{I n (e,e )) V x G D . (4.5) 

e<\x— xo\<Eo 

Proof. By Lusin theorem there exists a Borel function ip*(t) such that ijj(t) = 
ip*(t) for a.e. t G (0, £q), see e.g. 2.3.6 in [H]. Since Q m (x) > for all x G D we 
have from ( 14.31 ) that I(e, a) — > oo for every fixed a G (0, Eq) and, in particular, 
I(e, a) > for every e G (0, b) and some b = b(a) G (0, a). Given xq G D and 
a sequence of such numbers b = £k — > as fc - > oo, A; = 1,2,..., consider a 
sequence of the Borel measurable functions p £ k defined as 



V>*(|x - Xo|)//(e, £jfc), £ < \x - Xq\ < £ k , 

0, otherwise . 



Note that the function p £ ,k{%) is admissible for 

F £: k := T(S(x , £), S(xq, E k ),A(xQ, £, £ k )) 

because 

Sk 

/ p £ ,k(x)\dx\ > — / ip(t)dt = 1 

J l{£,£ k )J 

7 £ 

for all (locally rectifiable) curves 7 G r e ^ (see Theorem 5.7 in jVaj). Then by 
definition of ring Q-homeomorphisms 

M(/ m (r e>Jfe )) < — y Q(x)-^(|x-x |)rfm(x) (4.6) 

E<\x — Xq\<Eo 

for all m G N. Note that In ^ £k) = ct £ik ■ In ^ £o y where a £ , k := (l + jff^j is 
independent on m and bounded as £ — > 0. Then it follows from ( 14.31 ) and ( 14.61 ) 
that there exists eI G (0, £ k ) such that for all 

M(/ m (r £ *, fc )) < 1 Vm G N . 
Applying Lemma 14.11 we obtain a desired conclusion. □ 
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The following important statements follow just from Lemma ET2~ 



Theorem 4.1. Let D be a domain in R n , n > 2, Q : D — > (0,oo) a 
Lebesgue measurable function and let f m: m = 1, 2, . . . , be a sequence of ring 
Q-homeomorphisms of D into W 1 converging locally uniformly to a mapping 
f. Suppose that Q 6 FMO. Then the mapping f is either a constant in M. n or 
a homeomorphism into MJ 1 . 

Proof. Let x$ G D. We may consider further that xq = G D. Choosing 
a positive £q < min {dist (0, dD) , e -1 } , we obtain by Lemma 12.11 for the 
function ip(t) = - ^ T that 

J Q{x)-i/> n {\x\) dm(x) = O ^loglogij . 

£<|x|<£ 

Note that I(s : £q) := J ip(t) dt = log p^x- Now the desired conclusion follows 



from Lemma [4T21 □ 



The following conclusions can be obtained on the basis of Theorem @~T 
Proposition 12.11 and Corollary 12.11 

Corollary 4.1. In particular, the limit mapping f is either a constant in 
W l or a homeomorphism of D into W l whenever 



lim + Q(x) dm(x) < oo V xq G D 

JB(x ,e) 

or whenever every xq G D is a Lebesgue point of Q. 

Theorem 4.2. Let D be a domain in R n , n > 2, and let Q : D — > (0, oo) 

be a measurable function such that 

e(xo) 

f dr 

- = oo Vx GL> (4.7) 



o 



i 



for a positive e(xo) < dist(xo,5D) where ^ Xo ( r ) denotes the average of Q(x) 
over the sphere \x — xo\ = r. Suppose that f m , m = 1, 2, . . . , is a sequence 
of ring Q-homeomorphisms from D into M n converging locally uniformly to a 
mapping f. Then the mapping f is either a constant in WL n or a homeomorphism 
into R n . 
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£() 



Proof. Fix xq G D and set / = I(e, Sq) = J ip(t) dt, e G (0, eo), where 



m = 



l/^VWl, *G(e,e ), 
0, t(£(e,s ). 

Note that 7(e, £o) < for every £ G (0, £o). Indeed, by Theorem 3.15 in |RSi| 
on the criterion of ring Q— homeomorphisms, we have that 

M(f(T(S(x , e), S(x , e ),A(x 0l e, e )))) < • ( 48 ) 



On the other hand, by Lemma 1.15 in [NaJ, we see that 

M(T(f(S(x Q , e)), f(S(x , so)), f(A(x Q , e 7 s ))) > . 

Then it follows from (14.81 ) that I < oo for every e G (0,£q). In view of (14.71) , 
we obtain that J(e, e*) > for all e G (0,£*) with some G (0,£o)- Finally, 
simple calculations show that (14.51) holds, in fact, 

j Q(x) ■ ^ n (\x - x \) dm(x) = u n -i- I(e,e*) 

e<\x—xo\<£* 

and J(e,e*) = o(/ n (e,£*)) by ( 1Q ). The rest follows by Lemma[Q □ 



Corollary 4.2. In particular, the conclusion of Theorem\4~2 holds if 
q X0 (r) = O (log" -1 ^ VxqGD. 



Corollary 4.3. Under assumptions of Theorem \4/A the mapping f is either 
a constant in MJ 1 or a homeomorphism into W 1 provided Q(x) has singularities 
only of the logarithmic type of the order which is not more than n — 1 at every 
point xq G D. 

Theorem 4.3. Let D be a domain in W 1 , n > 2, and Q : D — > (0, oo) be a 
measurable function such that 



Q{J ' ] dm(x) = o (log n VxqGD (4.9) 



e<\x—xo\<so 



\X — Xq\' 1 \ 6 
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as e — > for some positive number £q = e(xo) < dist (xo,dD). Suppose that 
f m: m = 1,2,..., is a sequence of ring Q-homeomorphisms from D into MJ l 
converging locally uniformly to a mapping f. Then the limit mapping f is either 
a constant in R n or a homeomorphism into WL n . 

Proof. The conclusion follows from Lemma (321 by the choice ip(t) = j. □ 

For every nondecreasing function $ : [0, oo] — > [0, oo], the inverse function 

$ 1 : [0, oo] — > [0, oo] can be well defined by setting 

$ -1 (t) = inf t . 

As usual, here inf is equal to oo if the set of t G [0, oo] such that $(£) > r is 
empty. Note that the function <£> -1 is nondecreasing, too. Note also that if h : 
[0, oo] — > [0, oo] is a sense-preserving homeomorphism and <p : [0, oo] — > [0, oo] 
is a nondecreasing function, then 

(ipohy 1 = h~ l o(p- 1 . (4.10) 

Theorem 4.4. Let D he a domain in R n , n > 2, let Q : D — )• (0, oo) 

be a measurable function and $ : [0, oo] — > [0, oo] be a nondecreasing convex 
function. Suppose that 

dm(x) 
(1 + \x\ 



*(Q(x)) ,""ZL* < ^<oo (4.1i; 



D 

and 



oo 

/ <h ■ = oo (4.12) 



5 



T [^(r)]"- 1 

for some 5 > $(0). Suppose that f mi m = 1, 2, . . . , is a sequence of ring Q- 
homeomorphisms of D into K n converging locally uniformly to a mapping f. 
Then the mapping f is either a constant in MJ 1 or a homeomorphism into W 1 . 

Proof. It follows from ( l4TTB -( l4TT21 t and Theorem 3.1 in [RE^| that the 



integral in ( 14.71 ) is divergent for some positive e(xo) < dist (xo,dD). The rest 
follows by Theorem 14.21 □ 
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Remark 4.2. We may assume in Theorem 14.41 that the function $(£) is 
not convex on the whole segment [0, oo] but only on the segment oo] where 
t* = $ _1 ((5). Indeed, every non-decreasing function $ : [0, oo] — > [0, oo] which 
is convex on the segment [£*, oo] can be replaced by a non-decreasing convex 
function : [0, oo] — > [0, oo] in the following way. Set = for £ G [0, 

$(£) = for t G [4, TJ and = for t G [T*, oo], where r = is the 
line passing through the point (0, £*) and touching the graph of the function 
r = at a point (T*, ^(T*)), T* G (£*,oo). By the construction we have 
that < for all t G [0, oo] and = for all t > T* and, 

consequently, the conditions ( 14.111 ) and ( 14.121 ) hold for under the same M 
and every 8 > 0. 

Furthermore, by the same reasons it is sufficient to assume that the function 
$ is only minorised by a nondecreasing convex function f ona segment [T, oo] 
such that 

oo 

/ = oo (4.13) 

for some T G [0,oo) and 5 > \I/(T). Note that the condition ( 14.131 ) can be 
written in terms of the function ip(t) = log^(t) : 

oo 

/ m % = oo (4.14) 

A 

for some A > £ G [T, oo] where ^ := SU P t, to = T if ^(T) > — oo, 

ip(t)=—oc 

and where + - = 1, i.e., n' = 2 for n = 2, n' is decreasing in n and 
n' = n/(n-l)->lasn-> oo, see Proposition 2.3 in IRS2]. It is clear that if 
the function ip is nondecreasing and convex, then the function $ = is so but 
the inverse conlusion generally speaking is not true. However, the conclusion 
of Theorem S3 is valid if i/j m (t), t G [T, 00], is convex and ( 14.141 ) holds for i\) m 
under some m G N because e T > r m /m\ for all m G N. 

Corollary 4.4. In particular, the conclusion of Theorem \4.4\ is valid if, for 
some a > 0, 

I e "°" (l) (lT]Sf — M < 00 . (4.15) 

D 
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The same is true for any function <£> = where ip(t) is a finite product of the 
function at 13 , a > 0, (3 > l/(n — 1), and some of the functions [log(Ai + t)] ai , 
[loglog(A 2 + t)] a \ . . . , a m > -I, A m e R, m E N, t G [T, oo], if>(t) = if>(T), 

te[o,T}. 

Remark 4.3. For further applications, the integral conditions ( 14.111 ) and 
( 14.121 ) for Q and $ can be written in other forms that are more convenient for 
some cases. Namely, by ( 14.101) with h(t) = and ip(t) = $(t n_1 ), $ = cpoh, 
the couple of conditions ( 14.111) and ( 14.121) is equivalent to the following couple 

/ v (Q*(*j) -j^Wf ~ M < °° (416) 

D 

and 

oo 

f dr , 

= oo (4.17) 



J Tif 1 (t) 

S 

for some 5 > <p(0). Moreover, by Theorem 2.1 in jRSYel the couple of the 
conditions ( 14.161) and ( 14.171) is in turn equivalent to the next couple 

' >(q^(x)) dm(x) M < ^ 
1 + \xr) 



D 



and 



oc 



f dt 

J m ^ = oo (4.19) 



for some A > to where to := sup t, to = if ^(0) > — oo. 

Finally, as it follows from Lemma 14.21 all the results of this section are valid 
if f m are Q m -homeomorphisms and the above conditions on Q hold for Q m 
uniformly with respect to the parameter m = 1,2,.... 



5 On Completeness of Ring Homeomorphisms 



The following result for the plane case can be found in the paper IRSY5I , The- 
orem 4.1, see also Theorem 6.2 in the monograph |GRSY| . 
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Theorem 5.1. Let f m : D — > MP, m = 1, 2, . . . , be a sequence of ring 
Q-homeomorphisms at a point xq G D. If f m converges locally uniformly to a 
homeomorphism f : D — > M. n , then f is also a ring Q-homeomorphism at xq. 

Proof. Note first that every point wq G D' = f(D) belongs to D' m = 
f m (D) for all m > N together with B*(wq,s), where B*(wo,e) = {w G M. 71 : 
h(w,wo) < e} for some e > (see Proposition |3JJ). 

Now, we note that D' = (J^ 2 C\ where Ci = D* t , and D\ is a connected 
component of the open set Qi = {w G D' : h(w, dD') > 1/1} , I = 1,2, ... , 
including a fixed point wq G D' . Indeed, every point w G D 1 can be joined 
with wq by a path 7 in D' . Because the locus I7I is compact we have that 
h(Y)\,dD') > and, consequently, I7I C D* for large enough I = 1,2, ... . 

Next, take an arbitrary pair of continua E and F in D which belong to the 
different connected components of the complement of a ring A = A{xq, r\, r<i) = 
{x G W 1 : 7*1 < \x — xq\ < rz], xq G D, < r\ < < To = dist (xq, dD). For 
I > Iq, continua f(E) and f(F) belong to D,*. Then the continua f m (E) and 
fm(F) also belong to Df for large enough m. Fix one such m. It is known that 

M(T(f m (E), f m (F), D*)) -> M(T(f(E), f(F), D*)) 

as m — > 00, see e.g. Theorem A. 12 of Section Al in jMRSY] . However, 
Df C fm(D) for large enough m and hence 

M(T(f m (E), fm(F), D*)) < M(T(f m (E),f m (F),f m (D))) 

and, thus, by definition of ring Q-homeomorphisms 

M(T(f(E), f(F), D*)) < J Q(x) ■ n n (\x - x \) dm(x) 

A 

for every measurable function 77 : (r\, r?) — > [0, 00] such that J r/(r) dr > 1. Fi- 

00 

nally, since T = U where Y = T(f(E), f(F), f(D)), Ti = T(f(E), f(F), Df) 

i=h 

is increasing in / = 1, 2, . . . , we obtain that M(T) = lim M(Ti) (see e.g. The- 
orems A.7 and A.25 in |MRSYj ). Thus, 

M(T(f(E), f(F), f(D)) < J Q(x) ■ r] n (\x - x \) dm(x) , 

A 

i.e., / is a ring Q-homeomorphism at xq. □ 
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6 Normal Classes of Ring Q— homeomorphisms 

Given a domain D in M. n , n > 2, a measurable function Q : D — > (0, oo), and 
A > 0, denote by $q 7 a the family of all ring Q-homeomorphisms / of D into 
W 1 such that h (M. n \ f(D)J > A. Recall that a class of mappings is called 
normal if every sequence of mappings in the class contains a subsequence that 
converges locally uniformly. 

Lemma 6.1. Let D be a domain in M. n , n > 2, and let Q : D — > (0, oo) be 
a measurable function. If the conditions ( |4.4| )-( PPj) hold, then the class ^q,a 
forms a normal family for all A > 0. 



Proof. By Lemma 7.5 in |MRSY| . cf. also Lemma 4.1 in |RSi| , for y G 



B(xq, Tq), tq < dist (xq, dD), Sq = {x G W 1 : \x — Xq\ = vq} and S = {x G 
R n : |x — xo| = \y — xo\} we have that 

KftoJM) < T-^(-{ M Fm^mfm) Y ) (61) 

where co n -i is the area of the unit sphere §" _1 in R n , a n = 2A^ with A n G 
[4, 2e" _1 ), A2 = 4 and A^ — > e as n — > 00. We may consider that ip is a Borel 
function, because, by 2.3.4 and 2.3.6 in fFe] there exists a Borel function ip*(t) 
with ^(t) = ^>*(t) for a.e. t G (0,£o)- Given e G (0, £0), consider a Borel 
measurable function p s defined as 



p £ (x) = 



i/>*(\x- x \)/I(e, e ), e <\x- x \ < e , 

0, otherwise . 



Note that p £ (x) is admissible for T £ := T(S(xo, e), S(xq, £0), A(xq, s, So)) be- 
cause 

/ p £ (x)\dx\ > — / i/j(t)dt = 1 

J £0) J 

7 £ 

for all (locally rectifiable) curves 7 G T e (see Theorem 5.7 in |Va|). Then by 
definition of ring Q-homeomorphism at the point xq 

M(/(T £ )) < ^) : =7^^y / Q(x)-^(|x-x |)dm(x) (6.2) 

£<|x — X |<£o 
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for all / G #q,a- It follows from ( 14.51 ) that, given a > 0, there exists 5 = 6(a) 
such that < cr for all e G (0, <5). Then from ( Ifi.ll ) and ( 16.21 ) we have that 

h(f(x),f(x )) < ^.exp^-j^} 1 '"" 1 ) (6.3) 

provided \x — xq\ < 5. In view of arbitrariness of a > the equicontinuity of 
■$QA follows from ( 16.31 ). □ 

Remark 6.1. In particular, the conclusion of Lemma ED holds if at least 
one of the conditions on Q in Theorems I4.1H4.4I and Corollary 14. 1H4.4I holds. 
The corresponding normality results have been formulated in |RSj| and I RS2I 
and hence we will not repeat them in the explicit form here. 

Furthermore, as it follows from the analysis of the proof of Lemma 16.11 its 
conlusion is valid for a more wide class A > 0, consisting of all ring Q- 
homeomorphisms / of D into R n such that h (M. n \ f(D)\ > A satisfying the 
uniform condition ( 14.51 ) for the variable Q but with a fixed function ip in ( 14.41 ) . 
Thus, the conclusion of Lemma EI is also valid if at least one of the conditions 
on Q in Theorems I4.1H4.4I and Corollary I4.1H4.4I is uniform with respect to the 
variable functional parameter Q. 

All notes in Remarks |42J and 143] are also valid for the normality results. 



7 On Compact Classes of Ring Q-homeomorphisms 

Given a domain D in W 1 , n > 2, a measurable function Q : D — > (0, 00), 
xi,X2 £ D, ?/i,?/2 £ x\ 7^ X2, yi 7^ 2/2, set !lKq the class of all ring Q-ho- 
meomorphisms from D into R n , n > 2, satisfying the normalization conditions 
f(xi) = 2/1, f(x 2 ) = 2/2- 

Recall that a class of mappings is called compact if it is normal and closed. 
Combining the above results on normality and closeness, we obtain the following 
results on compactness for the classes of ring Q-homeomorphisms. 

Theorem 7.1. If Q G FMO, then the class %\q is compact. 

Corollary 7.1. The class is compact if 

lim + Q(x) dm(x) < 00 V xq G D 

JB(xo,e) 
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Corollary 7.2. The class !lKq is compact if every xq G D is a Lebesgue 
point of Q. 

Theorem 7.2. Let Q satisfy the condition 

e(x ) 

f dr 

/ j = oo v Xq G D 



o M 

for some e(xo) < dist (xo, dD) wiere q Xo { r ) denotes the average of Q(x) over 
the sphere \x — xq\ = r. Then the class !lKq is compact. 

Corollary 7.3. The class !lKq is compact if Q(x) has singularities only of 
the logarithmic type of the order which is not more than n — 1 at every point 

Xq G D. 

Theorem 7.3. The class %Kq is compact if 

I" Q ^ dm{x) = o (log n -) VxqGD 



J \X — Xo\ n \ £ 

e<\x—x Q \<e 

as e — > for some £q = s(xq) < dist (xq, dD). 
Theorem 7.4. The class is compact if 



D 



* {Q{x)) (l+Sr - M K 00 (7 - i; 



for a nondecreasing convex function $ : [0, oo] — > [0, oo] such that 

oo 

f dr 

- = oo (7.2) 



J r[$-!(r 
for some 5 > $(0). 

Corollary 7.4. In particular, the conclusion of Theorem \7.4\ is valid if, for 
some a > 0, 

/ e " Q ^ {x) j^Wf - M < 00 ' (7 ' 3) 

D 
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The same is true for any function <£> = where ip(t) is a finite product of the 
function at 13 , a > 0, (3 > l/(n — 1), and some of the functions [log(Ai + t)] ai , 
[loglog(A 2 + t)] a \ . . . , a m > -1, A m G R, m G N, t G [T, oo], if>(t) = if>(T), 
t G [0, T] with a large enough T G (0, oo). 

Remark 7.1. Note that the condition ( 17.21 ) is not only sufficient but also 
necessary for the compactness of the classes OKq with integral constraints of 
the type ( 17.11 ) on Q, see Theorem 5.1 in IRS2I , and ( 17.21 ) is equivalent to the 
following condition 



00 



J\og$(t)^ = +^ (7.4) 



A 



for all A > to where to := sup t, to = if $(0) > 0, and where h + ^ = 1, 

i.e., n' = 2 for n = 2, n' is strictly decreasing in n and ti' = n/(n — 1) — >• 1 as 
n — > 00, see Remark 4.2 in [RS2]. 



Finally all the notes in Remarks 14.21 14.31 and 16.11 above are also related to 
the compactness results in this section. 

These results will have, in particular, wide applications to the convergence 
and compactness theory for the Sobolev homeomorphisms as well as for the 
Orlicz-Sobolev homeomorphisms, see e.g. [K RSSj . that will be published else- 
where. 
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